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Abstract The deformation results of previous model reduction methods with external forces applied show noticeable
differences from full-scale finite element method (FEM) simulation. We found that data-driven approaches, specifically
proper orthogonal decomposition (POD), can be a solution
to this nonlinear deformation simulation problem in the subspace. Nevertheless, offline FEM simulation with an infinite
number of possible input forces at different locations makes
it infeasible if no prior information is given. We propose
rigidity-guided sampling to efficiently select the points of
application of forces (force sample points) to construct more
effective and compact subspace bases, thereby improving
the simulation accuracy of reduced deformable models with
applied external forces and still retaining fast run-time performance. The key idea of our approach is that distinct deformations of an object at different force sample points can
be estimated prior to FEM simulation. By selecting the force
sample points with distinct deformations, the computational
cost of offline FEM simulation can be reduced significantly.
Our run-time deformation results are much closer to the fullscale FEM simulation with external forces applied, compared to the results of using only the modal derivative bases
while the speedup over full-scale simulation is still substantial.
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1 Introduction
Simulating deformable objects is essential in many applications, e.g., computer animation, video games, and virtual
surgery. To simulate deformation more efficiently, model reduction, also known as subspace integration, is a popular
method. It projects the high-dimensional deformation space
of an object onto a low-dimensional subspace that retains
similar dynamical properties of the object. Due to this feature, model reduction can simulate nonlinear dynamical systems at low computational cost regardless of the number of
the degree of freedoms (DoFs).
Previous model reduction methods [3, 4, 22] focus on precomputing and compactly representing force-free deformations by modal analysis and derivatives. They work very
well on force-free deformations and have been extensively
studied in the past few years. However, a problem that has
been less addressed is the deformation simulation with external forces applied. Because modal analysis is only applicable for zero input response analysis, the deformations
simulated by model reduction methods usually show obvious errors when external forces are applied.
A fundamental and critical problem in model reduction
is how to choose a proper subspace that can well approximate the deformation space of the original system [26].
Most previous approaches generate a subspace based on the
force-free vibrations of a deformable object. They can accurately simulate the deformations produced by impulse forces.
However, noticeable errors are often observed when the external forces do not vanish in a short period, because their
low-dimensional subspace does not contain the deformations
when external forces are continuously applied.
To resolve this problem, we suggest adding deformation
bases to handle deformation under forced situations. The deformation precomputation problem can be solved in a datadriven way with two steps: 1) collecting possible deforma-
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(b) Heterogeneous Starman models

Fig. 1 (a) A 1300N force rotating counterclockwise is applied to Tower model. The deformation based on our approach is
closer to FEM simulation (considered as ground truth) than the modal analysis result [4] (b) A heterogeneous model with
stiffness gradually decreasing from the feet to the head. Three 5000 N forces are applied to its head and left hand. Our result
is also more accurate than that of [4]
tions due to various external forces, and 2) compressing the
collected deformations using a compact set of bases. This
approach is indeed a typical method related to Proper Orthogonal Decomposition (POD) that is commonly used in
model order reduction [7, 24]. The basic idea of POD is projecting high-dimensional snapshots into a lower-dimensional
subspace, where the snapshots are sequences of deformed
shapes represented by displacement vectors. The most critical challenge of POD is how to reduce the time-consuming
full simulation of the snapshots in a high-dimensional system.
Since we have no prior information on external forces
to deformations, this precomputation problem is basically a
sampling one, in which the sampling space is high-dimensional,
including where (which parts of the object) and how (magnitude and direction of) the external forces are applied. Previous model reduction approaches [22] only explored the deformation space when there is no external force, i.e., modal
analysis. In this work, we suggest approaching this model
reduction problem by exploring the deformation in forced
conditions, namely when external forces are applied to the
deformable object.
To overcome the computational problem of POD, we
propose rigidity-guided sampling to extract important force
sample points from initially uniform samples to construct
the subspace based on less correlated snapshots (deformation displacements) in the full-scale finite element method
(FEM) simulation. Since the rigidity-guided sampling significantly reduces the number of force sample points, we can
obtain a more distinct and compact set of snapshots by applying test forces on each sample point in various directions.
Moreover, we capture the snapshots at each equal increment
of moving distance of the force sample points to ensure that
the snapshots can represent the entire deformation. In the
run-time simulation, the deformation can be closer to the

full-scale FEM simulation because the forced deformation
snapshots are included in the subspace.
This paper is intended to make the following research
contributions: 1) to exploit the rigidity field [2] for extracting important force sample points that can reduce the redundancy between snapshots; and 2) to demonstrate that the
accuracy of deformation simulation with applied external
forces at reduced coordinates can be improved effectively
based on the subspace spanned by the snapshots under external forces. Our rigidity-guided sampling has the potential to help develop more accurate deformation simulation
with more force interactions. We believe that our work could
stimulate more research on simulating deformable objects
with force interactions.

2 Related Work
Physically-based deformation simulation has been extensively
studied in computer animation, and many nice approaches
have been proposed in recent years. We refer the readers to
the review by Nealen et al. [22] for a thorough survey and
only review closely related work in this section.
Pentland and Williams [23] first introduced the use of
model reduction with modal analysis to computer animation. James and Pai [11] precomputed a dynamic response
texture that can be used on a graphics processing unit (GPU)
to simulate interactive character animations. These two methods use model reduction on linear elasticity which is only
accurate under small deformation. Under large rotational deformation, visible artifacts will appear [19]. Barbič and James
[4] solved the artifacts in linear elasticity by extending the
nonlinear regime proposed in [10] and introducing the concept of modal derivatives.
Proper orthogonal decomposition is a general model reduction method to project high-dimensional data into a lowerdimensional subspace that can efficiently represent the char-
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acteristics of the original system [7, 16, 24]. POD needs simulation outputs of the full-dimensional system as snapshots
to construct the corresponding low-dimensional subspace.
However, the snapshots of a high-dimensional system usually consume a large amount of computations and might
be linearly dependent [9, 24]. Krysl et al. [16] employed
POD to simulate nonlinear deformation in the subspace constructed by the snapshots based on user-specified external
forces. Their approach can simulate deformation well if the
applied forces are similar to the ones used to construct the
subspace basis. Hence, the most critical problem of POD
is how to generate the snapshots efficiently. In computer
graphics, An et al. [1] uses POD as an alternative method
to generate subspace bases to verify their subspace forces.
To improve the forced deformation in the subspace, we propose a force sampling solution to generate more representative snapshots with less redundancies to reduce the precomputation cost of POD.
Our force sampling idea was inspired by James and Pai’s
work [12], where they computed Green’s functions (GFs)
of linear elasticity and the capacitance matrix to solve the
boundary value problem of the deformation model. However, James and Pai did not investigate the force sampling
problem. Data-driven deformation is a common approach in
computer graphics [15, 17, 29]. These approaches constructed
deformation bases from a set of typical, desirable deformations specified by users in the precomputation stage, and
in run-time simulation, the deformations were synthesized
from snapshots. This provides users better control to generate desired deformation animations. Compared to these
methods, we propose a new approach for force sampling
that can automatically construct the deformation subspace
in forced conditions. Yu and Kanai [30] improved the subspace by adding local bases that are constructed by the fullspace collided deformation snapshots at uniformly sampled
collided points. To obtain detailed enough snapshots, a dense
sampling is usually necessary and induces higher off-line
computational cost. Our method reduces the cost by selecting important force points without sacrificing much deformation accuracy in the run-time simulation.
We exploit the rigidity information, proposed by Au et
al. [2] to select more compact force sample points to obtain
better snapshots. Although, in the original study, the rigidity
field is used to propagate the deformations between handles,
which are a set of vertices that can be moved by users [28],
we found that the rigidity field can be employed to estimate
potential deformation when the external forces are applied
to a mesh vertex. The computation of the rigidity field is fast
and can be easily integrated into the preprocess to efficiently
select representative force sample points.

3

3 Background
This section introduces the background of our approach for
completeness, including model reduction and the rigidity
field.
3.1 Reduced Equations of Motion
Consider a volumetric mesh with n vertices. We can obtain its deformation motion equation by applying FEM discretization to solve the Euler-Lagrange equation [25],
Mü + D(u, u̇) + fint (u) = fext ,

(1)

where M ∈ R3n×3n is the mass matrix, D(u, u̇) ∈ R3n are the
damping forces, fint (u) ∈ R3n are the internal forces, and
fext ∈ R3n are the external forces. The displacement vector
u ∈ R3n represents the difference between a deformed mesh
and the rest (original) one for all the volumetric mesh vertices.
Suppose we have a set of appropriate bases that can project
the original high-dimensional system into a low-dimensional
subspace with similar dynamical properties to the original
system. Formally, assume
u = Uq,

(2)

where U ∈ R3n×r is a set of motion bases that are timeinvariant, and q ∈ Rr is the vector in the reduced space.
Since r  3n, U actually projects u into a lower-dimensional
space. By substituting Eq. (2) and premultiplying UT to (1),
we can get the reduced equations of motion
e q̈ + D(q,
e q̇) +efint (q) = efext ,
M

(3)

where
e = UT MU,
M
e = UT D(Uq, Uq̇),
D
efint (q) = UT fint (Uq),
efext = UT fext .

(4)
(5)
(6)
(7)

Note that the reduced internal force function in Eq. (6) can
be represented by a cubic polynomial and efficiently precomputed [4]. The key to efficient run-time simulation is
that we integrate a r × r dense system, instead of a 3n × 3n
one, for r  3n. The remaining problem is how to generate
a set of appropriate bases for Eq. (3).
According to the algorithm of POD, the subspace bases
can be constructed from the snapshots. The snapshot ui can
be evaluated at any time instance in the full-scale FEM simulation. Once z snapshots are obtained, singular value decomposition (SVD) is employed on the snapshot matrix [u1 u2 · · · uz ] ∈
R3n×z to obtain the low-dimensional deformation subspace
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spanned by the left singular vectors corresponding to the
largest r singular values. In our work, we adopted mass-PCA
[4], which applies SVD w.r.t. a mass-weighted inner product hMx, yi, to reduce the negative effects of varying vertex
densities of volumetric meshes.
3.2 Rigidity Field
Rigidity field was originally proposed in [2] for guiding the
deformation propagation between handles. The rigidity field
gi at a handle i can be evaluated by the gradient magnitude of
the corresponding harmonic field ϕ i ∈ Rn as follows [31]:

T
gi = k∆ ϕ i k = |∆ ϕ i,1 |, |∆ ϕ i,2 |, · · · , |∆ ϕ i,n |
(8)

in Fig. 3. The initial guess of force sample points inside the
mesh and on mesh surfaces are obtained by KD-tree (Fig.
3b) and Poisson-disk sampling (Fig. 3c), respectively. We
select the force sample points used in FEM simulation by exploiting the similarities of rigidity fields to reduce the computational time of presimulation. In FEM simulation, we apply test forces in 14 directions at each force sample point
and extract snapshots of deformations caused by test forces
according to the variation of u. The bases for constructing
the lower-dimensional subspace can be obtained by compressing the snapshots using mass-scaled PCA. Finally, the
deformed mesh under external forces can be simulated accurately and efficiently with the subspace dynamics.
Input Mesh

and ϕ i can be computed by the Laplace equation Lϕ i =
0, where L is the discrete Laplace-Beltrami operator [18],
under the boundary conditions associated with each handle
u:
(
1 if u = i,
ϕ i,u =
(9)
0 if u 6= i.
According to the definition of harmonic field, larger gradient magnitude |∆ ϕ i,k | computed by Eqs. (8)implies that the
movement of this handle i causes more deformation to the
vertex k.
To make a more intuitive connection between rigidity
values and degrees of deformation affected by the movements of the handles, we slightly modify the rigidity field
ψ i at the handle i according to the following formation:
gi
ψ i = 1n×1 −
,
kgi k∞

(10)

where kgi k∞ is the `∞ norm of gi . The vertex k would show
smaller rigidity to the handle i with smaller ψ i,k , and the
movement of the handle i could result in more deformation
to the vertex k.
The rigidity field is used to implicitly propagate deformations from handles [2] and produce visually plausible deformation results; therefore, it can be a useful metric to predict deformations when external forces are applied to a model.
In other words, if the sample points i and j have highly
correlated ψ i and ψ j , their deformations would be similar
in the FEM simulation with the same test forces. Thus, the
force sample points that cause distinct deformations can be
specifically selected by ψ i of each sample point.
4 Approach
Our approach consists of sampling, presimulation, and compression and run-time simulation (Fig. 2). The input mesh is
a volumetric one voxelized from a triangular mesh as shown
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Fig. 2 Flowchart of the proposed approach

4.1 Initial Sampling
To avoid missing important distinct snapshots, the initial
force sample points should be evenly distributed at each part
of the deformable model to simulate different deformations;
thus, we employ uniform sampling in the spatial domain, a
common approach in the previous studies [5, 20, 30], to generate the initial guess of force sample points. The advantage
of uniform sampling is that a sampling domain could contain multiple substructures with different material properties. Our spatial sampling consists of volume sampling and
surface sampling.
Volume Sampling. It is possible to obtain snapshots by
applying forces to each vertex, but it will take a long time to
compute the deformations using FEM in the presimulation
stage. To let every vertex have at least one sample point in its
neighborhood, we use a KD-tree with the midpoint splitting
rule to generate the initial guess of force sample point (Fig.
3b). Specifically, we split the longest axis of each node at
the midpoint of the axis to construct the KD-tree. Then, we
compute the center of mass (CoM) from the positions of the
vertices in every region and find out the vertex which is the
closest vertex to the CoM in its region. These vertices are a
part of the initial guess sample points for snapshot simulation.
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Surface Sampling. External forces are often applied to
surface points of a real-world object, rather than points inside the object. Thus, it would be a good idea to also generate snapshots by applying forces to surface points on the
volumetric mesh. To achieve this goal, Poison disk sampling
is adopted to uniformly sample additional force points on
the mesh for snapshot simulation. We generate a dense set
of initial surface points, randomly choose one of them as
a sample, and remove surface points in the sphere centered
on the selected one, where the radius of the sphere is a userdefined constant. This process is repeated until all remaining
surface points are marked as selected. Note that we still need
to sample points from the KD-tree for snapshot simulation
since these sample points also form appropriate bases for the
internal mesh vertices.
However, both structure and material properties can affect the propagation of stress in the deformation simulation
of elastic objects. Uniformly sampling a model in the spatial
domain might ignore the physical and structural characteristics. Therefore, we propose rigidity-guided sampling to select force sample points from initial sample points according
to the potential deformations when external forces act on the
object.

(a)

(b)

(c)

Fig. 3 (a) The deformable model, obtained by voxelizing
the triangle mesh, is a volumetric mesh consisting of elastic
cubes. (b) and (c): We sample the mesh by using a KDtree and Poisson disk sampling. The red points are sampling
points from the KD-tree for snapshot simulation, while the
blue points are sample points by Poisson disk sampling

4.2 Rigidity-Guided Sampling
After initial sampling, the number of sample points is still
large, and it will take a long time to generate the deformations by applying forces to each sample point. In addition, these sample points, evaluated only by the spatial information, might result in similar deformations after applying
forces, thereby making redundancies in these snapshots. By
exploiting the correlations of rigidity values between force
sample points, we can further select the ones that produce
distinct deformation snapshots.
Rigidity Correlation. We use correlation coefficients to
measure the linear dependence of a pair of rigidity fields and
group sample points if they have a high correlation value.

5

The rigidity fields for all m initial sample points can be computed quickly according to Eqs. (8)-(10). Each model needs
some arbitrarily selected fixed points Pf ix , such as the foot
contact of the Turtle and Penguin model. Compared to Eq.
(9), we only set the boundary condition of Pf ix at zero:
(
1 if k = i,
ϕ i,k =
(11)
0 if pk ∈ Pf ix ,
and the other ϕ i,k would be solved by the Laplace equation.
A correlation matrix C ∈ Rm×m can be evaluated to show
the similarities for each point pair according to the value of
each element Ci, j . For an arbitrary sample point pair, pi and
p j , with corresponding rigidity fields, ψ i and ψ j , we can
compute the correlation coefficient Ci, j as follows:
Ci, j =
=

covariance(ψ i , ψ j )
σψ i σψ j

(12)

1 n ψ i (h) − µψ i ψ j (h) − µψ j
),
∑ ( σψ )( σψ
n − 1 h=1
i
j

where µψ and σψ are the expected value and standard deviation of ψ, and −1 ≤ Ci, j ≤ 1. If Ci, j is high, pi and p j will
result in similar deformations under external forces and they
can be grouped. Note that since the correlation coefficient is
invariant to scale and translation, our modified rigidity field
ψ i , namely Eq. (10), would not affect the final results.
Clustering. We employ an agglomerative hierarchic clustering based on unweighted average distance (Unweighted
Pair Group Method with Arithmetic Mean, UPGMA) [21]
to cluster m initial force sample points into Nt point sets.
At each point set Pi , the representative sample point pi that
shows the most distinct deformation should be one of the
final force sample points. We select the sample point that
has the smallest correlation related to other points in Pi as
follows:
pi = arg min

∑ C p,q .

p∈Pi q∈P
i
q6= p

(13)

The rigidity-guided sampling allows reducing the number of force sample points from m to Nt . Since Nt  m, the
following presimulation can use more test forces to generate
distinct snapshots based on these compact sample points.
4.3 Presimulation
With the sample points from the rigidity-guided sampling,
14 test forces with the same magnitude are applied to each
sample point in the ±x, ±y, ±z (Fig. 4a) and the diagonal
directions of the eight quadrants (Fig. 4b) to simulate deformations, respectively. Applying two test forces in opposite
directions can result in more distinct snapshots since the deformations are usually not symmetric under the force pair.
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Fig. 4 Directions of test forces. (a) Six test forces in the ±x,
±y, and ±z directions. (b) Eight test forces in the diagonal
directions of the eight quadrants
Specifically, we solve the equations of motion in Eq. (1) using the Newmark integrator to obtain u of each mesh vertex.
We sample snapshots at an equal displacement interval
instead of an equal time interval during deformation to get
more diverse snapshots. The deformation could vary significantly in a short time interval, especially when the forces
just act on the object; thus, the time step should be small to
capture detailed enough example shapes. However, the deformation could be similar for a long period when approaching equilibrium, and the amounts of the similar snapshots increase rapidly because of the small time step. Therefore, we
sample snapshots at an equal displacement interval of the
force sample point during the simulation to capture more
distinct snapshots.
To obtain better subspace, we remove obviously bad deformation snapshots in which the displacements are larger
than a threshold. These unreasonably large deformations are
usually caused by applying large forces to thin structures.
Removing these snapshots avoids possible deformation errors in the run-time simulation.

4.4 Compression and Run-time Simulation
To further exploit coherence among the snapshots of different sample points, we apply the mass-scaled PCA [4]
to obtain the bases in a lower-dimensional subspace. Another reason for compression is that the construction and the
evaluation of the reduced internal force function (Eq. (6))
need O(nr4 ) and O(r4 ) operations, respectively, where n is
the number of mesh vertices and r is the dimension of the
low-dimensional subspace. Therefore, it is often desirable
to keep r small without sacrificing much accuracy.
At each time step, we solve the reduced equations of
motion in Eq. (3) to derive the displacement vector as follows. First, the external forces are projected onto the lowdimensional subspace by Eq. (7). Then Eq. (3) is integrated
to get the reduced coordinate vector q at the next time step.
Finally, the full-coordinate displacement vector u is reconstructed by Eq. (2). Because the dimension in the reduced
coordinate is usually low, we can compute the full-coordinate
displacement vector efficiently.

e
n
E(Pa)
Penguin 6686 8756
1.5 × 107
Tower 1536 2729
1.0 × 106
Starman 478 872 5.0 × 106 to 1.0 × 107
Turtle 3752 5233 8.0 × 106 , 2.5 × 106
Stick
104 243 5.0 × 104 to 3.0 × 106

µ
0.3
0.3
0.3
0.3
0.3

k
30
30
30
30
30

r
30
30
30
30
30

Table 1 Parameters of the deformable objects: Starman, Turtle, and Stick have heterogeneous material properties. e and
n are the number of elements and vertices, respectively. E
is Young’s modulus, µ is Poisson’s ratio, k is the number of
the linear tangent vibration modes, and r is the dimension of
the reduced coordinate subspace
5 Experimental Results
We ran all simulations on a Windows 10 desktop PC equipped
with Intel Core i7-6700K @4.0GHz, NVIDIA GeForce GTX
1070 and 32GB RAM. VegaFEM [27] was used for the dynamic simulation because it supports multi-core computation. We set the simulation time step as 10 ms, and the same
number of bases, 30, was used in both the model reduction
method [4] and ours. Table 1 lists the parameters of the deformable objects used in our experiments.
5.1 Validation of Rigidity-Guided Sampling
We first validate the force sample points obtained from our
sampling method can be used to capture more representative snapshots, i.e., the snapshots of different sample points
should be more diversified. Fig. 5a shows the Penguin model
with rigidity field ψ i of the corresponding 12 sample points
(marked by green circles) extracted by rigidity-guided sampling from 51 initial sample points by KD-tree and Poissondisk sampling, and the 12 rigidity-guided force sample points
are also shown in Fig. 5b. The corresponding snapshot (i.e.,
the example shape) of each sample point with the force of
2000 N along the Y-axis is shown in Fig. 6a. Most of these
snapshots are distinct from one another. This shows that our
sampling method can extract compact and effective force
sample points. We also examine the snapshots of the eliminated force sample points, and they usually perform highly
correlative deformations under external forces. Fig. 6b are
the snapshots of 19 initial sample points in the Penguin’s
chest region that are excluded by the rigidity-guided sampling. These snapshots are almost identical.
The run-time simulations with different numbers of force
sample points are also evaluated to validate the advantage
of the rigidity-guided sampling. Fig. 7a shows the comparison. After the rigidity-guided sampling, the number of force
sample points is reduced from 51 to 12; however, both deformations are similar. Fig. 7b further validates that the average displacement errors (using FEM simulation as ground
truth) of vertices under 51 and 12 sample points are also
similar. These two validations show that the non-uniform
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FEM

Rigidity

(a) Rigidity field ψ i of the corresponding force sample point. Please
see the supplemental materials for the enlarged image

Error (m)

High

Low
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0.07
0.06
0.05
0.04
0.03
0.02
0.01
0.00

12 Sample Points

51 Sample Points

(a) Comparison of deformations at a time frame
FEM-12 sample point Error
FEM-51 sample point Error

0.5

1.0

1.5

2.0

2.5

Time (s)

3.0

3.5

4.0

4.5

5.0

(b) Comparison of average displacement errors

(b) Twelve rigidity-guided force sample points

Fig. 5 After clustering based on the rigidity fields in (a), we
obtain 12 force sample points in (b). In (a), each green circle
is the representative point of its group, and the pink ones are
the initial force sample points in their own group. The rigidity field is color-coded with higher rigidity corresponding to
blue and lower rigidity corresponding to red

(a)

(b)

Fig. 6 (a) The snapshots of 12 rigidity-guided force sample
points at the same time frame. (b) Snapshots of the 19 initial
sample points in the chest region of Penguin model. These
sample points are excluded as their rigidity fields are similar
(and indeed produce very similar snapshots as shown here).
Please see the supplemental materials for the enlarged images
rigidity-guided sampling can reduce the presimulation time
by removing force sample points that have high correlations
while retaining run-time deformation accuracy simultaneously.

5.2 Comparison with Force-Free Approach
We compared our method with the classical model reduction method proposed by Barbič and James [4]. Fig. 1 shows
the deformation of Tower and Starman model when external

Fig. 7 Comparison of deformations and average displacement errors with 12 and 51 force sample points. (a) Left:
simulated by FEM as the ground truth; Middle: simulated
by our approach with 12 force sample points selected by the
rigidity-guided sampling from the 51 initial sample points;
Right: simulated by model reduction with 51 initial sample points generated by KD-tree and Poisson-disk sampling.
(b) The average displacement errors of all vertices at each
frame. The test forces are released at 2.5 s

forces are applied for 5 s and 2.5 s, respectively. Table 2 lists
the key parameters in our deformation simulation, including the number of force sample points and test force magnitudes used in the presimulation to generate snapshots, and
the magnitude of the external forces applied in the run-time
simulation. Compared to the results of Barbič&James’05 ,
our results are much closer to the ground truth. In particular,
the Starman model (with heterogeneous Young’s modulus)
can turn to face right in our and FEM results, but the one
simulated using their approach cannot respond to the external forces correctly. The displacement errors in Fig. 8 are
the average displacement errors of all vertices at each time
step by using the FEM results as the ground truth. It appears that our approach provides more accurate results in
the run-time simulation because the forced deformations are
performed in the presimulation when the subspace bases are
constructed.
Fig. 9 compares the results of FEM, our approach, and
Barbič&James’05 on the homogeneous Penguin model. The
Penguin model in our result leans forward as much as that
in the FEM result, but the result of Barbič&James’05 only
shows smaller leaning motion (at 1.15 s, particularly). Fig. 9
also shows that our method has smaller errors than Barbič&James’05
in this example. Please see the accompanying video for
the animations and also the supplemental materials for
the results of heterogeneous Stick and Turtle model.
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Penguin Tower Starman Turtle
Sample point no.

12

10

9

10

Stick

FEM
Barbič&James’05
Uniform Sampling (m=69)
Ours (Nt =9, m=69)

6

Test force mag.

2000 N 4000 N 3000 N 3000 N 2000 N

Ext. force mag.

1800 N 1300 N 5000 N 2000 N 1000 N

Error (m)

Error (m)

Table 2 Parameters in the presimulation and run-time simulation. Sample point no. is the number of force sample points
used in the presimulation. Test force mag. are the force magnitudes used in the presimulation for snapshot generation.
Ext. force mag. are the magnitudes of the external forces
applied to the models in the run-time simulation
0.25
0.20
0.15
0.10
0.05
0.00

1.8
1.6
1.4
1.2
1.0
0.8
0.6
0.4
0.2
0.0

FEM-Ours Error
FEM-Barbi &James'05 Error

0.5

1.0

1.5

2.0

2.5

Time (s)

3.0

3.5

4.0

4.5

5.0

4.5

5.0

(a) Displacement errors of Tower in Fig. 1a
FEM-Ours Error
FEM-Barbi &James'05 Error

0.5

1.0

1.5

2.0

2.5

Time (s)

3.0

3.5

4.0

(b) Displacement errors of Starman in Fig. 1b

Sampling Presim. Precom. Step Time
0s
0s
0s
28.19 ms
0s
0s
26.52 s
0.71 ms
0.11 s
6638.38 s 64.57 s
1.06 ms
18.29 s
844.88 s 37.80 s
0.96 ms

Table 3 Simulation statistics of the Starman model with 14
force sample points. Presim. and Precom. are the computational time for presimulation and precomputation, respectively. Step Time is the time for running one simulation step
in the run-time simulation. Our approach can achieve fast
performance (above 1000 FPS)
tion time for generating snapshots with different sample points
and test forces. Nevertheless, the precomputation only needs
to be done once for each model, and our method performed
more accurate deformation at a slightly longer step time in
the run-time simulation, which can still reach about 1000 FPS.
By comparing the presimulation and precomputation time
between Uniform Sampling and our method, the rigidityguided sampling can accelerate the presimulation and precomputation 7.86 and 1.71 times faster, respectively, by selecting nine important force sample points from 69 initial
uniform samples.

Fig. 8 Displacement errors of the examples in Fig. 1
FEM

Ours

Barbič&James’05

5.4 Discussions

Error (m)

We exploit the rigidity fields to obtain force sample points
that can be used to generate less correlated snapshots in
the POD analysis. A shortcoming of POD is that the reduced model frequently deviates substantially from the orig0.6
inal high-dimensional system due to parameter or input changes
FEM-Ours Error
0.5
FEM-Barbi
&James'05
Error
[6]. In our deformation simulations, all the external forces
0.4
0.3
applied in the run-time simulation are different from the
0.2
0.1
test forces in the presimulation, including the magnitudes
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0
and the points of application. For example, the snapshots of
Time (s)
the Tower model are computed by applying a single exterFig. 9 Homogeneous Penguin model
nal force at a time in the presimulation, and no rotational
forces are applied. Nevertheless, our approach overcomes
5.3 Simulation Statistics
the shortcoming of POD in this Tower model because it preTable 3 lists the computational time for full-scale FEM, modal serves the representative snapshots and removes other similar ones based on rigidity-guided sampling. This can be seen
derivatives [4], Uniform Sampling (KD-tree and Poissonin the accompanying video that the deformations simulated
disk sampling), and our method. The computational time
by our approach are visually similar to the ground truth.
in the sampling stage of Uniform Sampling includes KDAccording to the simulation results, our method can imtree and Poisson-disk sampling, and ours is the sum of KDprove the deformation accuracy for not only homogeneous
tree, Poisson-disk, and rigidity-guided sampling. The KDbut also heterogeneous models. Our force sampling approach
tree and Poisson-disk sampling are implemented using C++,
while the rigidity-guided sampling is implemented using MAT- consists of uniform (KD-tree and Poisson disk sampling)
and nonuniform sampling (rigidity-guided sampling). The
LAB R2016a and takes most computational time. Precomuniform sampling is responsible for generating initial samputation time counts the total FEM simulation time for sample points without being affected by material properties; on
pling forced deformations under various external forces. It
the other hand, the rigidity-guided sampling further selects
includes the computational time of internal force functions,
the force sample points that can be used to yield distinct
modal analysis, modal derivatives, and PCA. Compared to
deformations with applied external forces. Furthermore, the
Barbič&James’05 [4], our method needs more presimula-

Deformation Simulation Based on Model Reduction with Rigidity-Guided Sampling

subspace constructed by the snapshots extracted from the
full-scale FEM can contain the characteristics of heterogeneous models, thereby improving the deformation accuracy
in the reduced coordinate.
POD needs snapshots directly computed by the highdimensional system, and a crucial factor of POD related application is how to provide inputs for the generation of representative snapshots [14]. According to POD survey and
introduction papers [7, 14, 24], force point sampling for deformation simulation has rarely been studied. Our approach
suggests a novel way for speeding up POD analysis by providing a compact set of the points of application of the external force for representative deformation snapshots.
Limitations. The presimulation in our approach takes a
long time because the nonlinear deformable models used in
our framework have no analytic solution for computing the
deformations under external forces. This may be resolved if
good approximate solutions can be numerically computed,
and the parallel techniques on GPU can also help reduce the
computation substantially [8].
Another problem of our approach is the magnitude of the
test forces in the precomputation needs manual selection, as
listed in Table 2. Although the force magnitude needs to be
set only once for each deformation simulation, a method for
force magnitude selection should be developed by considering the material properties and geometry structures of the
deformable objects.
Besides, our method might perform visible artifacts when
the objects have geometric discontinuities, like the airplane
in the Fig. 10a. While a 3000 N force is applied to the wing,
not only the wing but also the tail assembly deform because the subspace cannot separate the substructures well.
If the domain decomposition [3] can be integrated into our
approach, we can also apply the rigidity-guided sampling
to each subdomain to select force sample points efficiently.
Fig. 10b shows that three 50 000 N forces are applied to Starman models. A common problem of the subspace deformation is that it smoothes out the extreme deformation caused
by large forces in the full-scale FEM simulation. Our approach also has the same limitation and cannot produce the
penetration of the right knee (marked by the red circle) in
the FEM results.
Despite the above problems, we believe the proposed
force sampling approach is a good way to increase the accuracy of reduced deformable models and worthy for further
exploration.
6 Conclusion
We propose rigidity-guided sampling to select more compact force sample points, which can be utilized to obtain
more physically-correct bases for the subspace of elastic deformation motions. Because of rigidity-guided sampling, the
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FEM

(a)

Ours

(b)

Fig. 10 (a) The airplane has many geometric discontinuities
such that our approach cannot separate each substructure
well. The deformations of the right wing and left tail assembly are correlated when an external force is applied to the
wing. (b) The extreme deformations in the full-scale FEM
simulation are smoothed out in the subspace deformation, as
marked by red circles
run-time simulation accuracy is increased when the external forces are applied to the objects. The computation of
the rigidity field is fast, and the proposed rigidity-guided
force point sampling approach can be easily applied to other
model reduction methods. Besides deformations of objects
with homogeneous stiffness, using our approach to simulate
deformations of heterogeneous objects under external forces
also show improved accuracy. We expect that the rigidityguided sampling can be applied to anisotropic objects and
plastic deformations in the future.
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31. Zayer, R., Rössl, C., Karni, Z., Seidel, H.P.: Harmonic guidance
for surface deformation. Computer Graphics Forum 24(3), 601–
609 (2005)
Shuo-Ting Chien received the BS degree in computer
science and MS degree in multimedia engineering both
from National Chiao Tung University, Taiwan, in 2013
and 2017, respectively. His research interest is in deformation simulation.
Chen-Hui Hu received the BS and MS degrees in power
mechanical engineering from National Tsing Hua University, Taiwan, in 2004 and 2006, respectively. He is
currently working toward the Ph.D. degree in computer
science at National Chiao Tung University, Taiwan.
His research interests include computer animation and deformation.
Cheng-Yang Huang is currently a game programmer
at NeoBards Entertainment Ltd. He received the BS
degree in electrical engineering and computer science
and MS degree in multimedia engineering both from
National Chiao Tung University, Taiwan, in 2012 and
2014, respectively. His interests include computer graphics and high
performance computing.
Yu-Ting Tsai received the B.S. and M.S. degrees in Electronics Engineering from National Chiao Tung University, Taiwan, in 2000 and 2002, respectively, and the Ph.D.
degree in Computer Science from National Chiao Tung
University, Taiwan, in 2009. Currently, he is an assistant
professor in the Department of Computer Science and Engineering at
Yuan Ze University. His research interests include computer graphics,
computer vision, machine learning, and signal processing.
Wen-Chieh Lin received the BS and MS degrees in
control engineering from National Chiao Tung University, Taiwan, in 1994 and 1996, respectively, and the
Ph.D. degree in Robotics from the School of Computer
Science at Carnegie Mellon University in 2005. He is
currently a Professor in the Department of Computer Science, National Chiao Tung University. His research interests span several areas
of computer graphics, human-computer interaction, visualization, and
computer vision. In particular, he is interested in physics-based animation, rendering, and applying perceptual studies to improve computer
graphics and HCI techniques. He was a Program Co-Chair for Pacific
Graphics 2017.

